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General Instructions

s Reading time — 5 minutes
¢  Working time — 3 hours

s  Write using black or blue pen
Black pen is preferred

¢ Board-approved calculators may be used
(graphics calculators are not allowed)

¢ A table of standard integrals is provided at
the back of this paper

e For Section [ record your answers on the
multiple choice answer sheet provided

s For Section II, answer each question in a
SEPARATE writing booklet. Extra writing
booklets are available.

e For Section Il show relevant mathematical
reasoning and/or calculations

Total Marks — 100

Section ] Pages2 -5
10 Marks
e Attempt Questions 1 — 10

e Allow about 15 minutes for this section

Section II Pages 6 —13

90 Marks

¢ Attempt Questions 11 — 16

¢ Each Question is worth 15 marks

s Allow about 2 hours and 45 minutes for
this section

This examination paper does not necessarily reflect the content or
format of the Higher Schoo! Certificate Examination in this subject



Section 1

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet to record your answers for Questions 1-10.

QUESTION 1
The eccentricity of the hyperbola x* - 4y? = 1 is:

4
(A) 3

2
B —_
(B) 75

NG
(C) >

5
(D) 2
QUESTION 2

2

The acute angle between the asymptotes of the hyperbola x* - y? =11is:

(A)

alg

(B)

(©)

oy

(D)

=1y

QUESTION 3
P, Q and R are three consecutive terms in an arithmetic progression.
sin( P+ R) N

Which of the following is the simplification of
cos )

(A) 2sinQ

(B} 2cosQ
(C) sin2Q
(D) cos2Q
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QUESTION 4

How many asymptotes does the graph of the curve y = ad have?

(A) 1 .
(B)
(®

)

L VS

QUESTION 5

On the Argand diagram below, P represents the complex number z.

yA

A
A\ 4

v

Which of the following Argand diagrams shows the point Q representing Z—2Z ?

(A) (8)
y M ¥y N
o2
prd > Pl Q —_—
< x, o~ j x,
v v
(©) (D)

v
\

N
N
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QUESTION 6

The equation x* + 3x — 2 = 0 has roots a,/Fand 7. The value of @’ + 8’ +7” is:
(A} 2

(B) 6

€ -2

(D) -6

QUESTION 7
A particle of mass m at B is attached to a string A8 that 1s fixed at 4. The particle rotates in

a horizontal circle with a radius of r. Let T be the tension in the string and ZBAO0=6.

A
0
T
<o L,/l”
mg
Which of the following statements is not correct:
(A) T>mg
ma'r
By T=
®) sinf
ta
© r=£3
W
D) o= }gcotﬁ
r
QUESTION 8

Consider the rectangular hyperbola xy = 16. If this hyperbola was rotated 45 degrees in a

clockwise direction, its equation would be:
(A) x**-y'=8

(B) x*-3"=16

(Cy x*- y2 = 16\5

Dy x*-y* =32
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QUESTION 9
Which function best represents the graph below?

Y

44

3.

2..

1

¢] i X,
0 /2 1 3m/2 2n 5m/2 3n n/2

(A) y=ecosx

(B) y=e+l-cosx

e
€ y=
COosS X
(D) y= P
QUESTION 10

When y’ +xp =1 is differentiated with respect to x, the correct expression for the derivative is:

1
() %zl

+2y

dy 1-

® T=r—
1+2y

© 2-—2
x+2y

1_

o L2
dx x+42y
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Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in a separate writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or calculations.

QUESTION 11 (15 Marks) Use a SEPARATE writing booklet. Marks

(a) letz=1-3iand @ =2+

Z
Find the value of — in the form a + ib, where g and b are real numbers: 2
@
(b) (i) If z=x+iy, write down expressions for zZ and z+7Z. 1
(ii) Sketch the region on the Argand diagram described by: zz < 3(z+7Z) 2
(c) Factorise P(x)=x’+x"+4x+4 into its three linear factors. 2

(d) Find these indefinite integrals:

1
. dx 2
@ '[ x*+2x+5
1
1 ~ 2
() J'x‘ +2x-3
(e) (i) Find all pairs of integers @ and b such that (a + ib)> = 7 + 24i 2
(i) Hence, or otherwise, solve: 2* + 3iz - (4 + 6i) =0 2
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QUESTION 13 (15 Marks) Use a SEPARATE writing booklet.

(a) A car of mass 800kg moves with constant speed in a horizontal circle of radius 250m
on a track that is banked at an angle of & = 7°to the horizontal. The forces acting on
the car are the weight force myg, a normal reaction force N to the road and a friction
force F acting down the slope as shown. The acceleration due to gravity is 9.8 ms™.

mgl

(i)  Show that the optimum speed for the car (when the friction force F acting on the
car is zero) is about 62 km/hr.

(i) Ifthe car is travelling at a constant speed of 108km/hr, find the size of the

friction force F acting on the car? (Give your answer to the nearest Newton)

(b)

y Semi-ellipses

=Y

Major axis

y2 =4x
The base of a solid § is the region in the xy plane enclosed by the parabola y* = 4x

and the line x = 4, and each cross section perpendicular to the x axis is a semi-ellipse
with the minor axis one-half of the major axis.

(i)  Show that the area of the semi-ellipse at x = & is 7h.
{You may assume that the area of an ellipse with semi-axes a and b is mab.)

(i) Find the volume of the solid S.

QUESTION 13 is continued on the next page.

Marks
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QUESTION 14 (15 Marks) Use a SEPARATE writing booklet. Marks

(a) The complex number @ is given by @ = 2(cos &+ isin &), where %S 95% .

]
(i) Express each of @ and — in modulus/argument form. 2
@

(1) Onan Argand diagram, the points Q and R represent the complex numbers
) 1 . . : ,
@~ and — respectively. If the points Q, O and R are collinear, find @ in the
@

form a + ib, where a and b are real numbers. 2

(b) Let IH=I(I+x2)"dx =123, ...
0

a(l+a*y” N 2n

(1)  Use integration by parts to show that / = 3
" 2n+1  2m+1 ™
3

(i) Show that 7 = 22*4 2

L
(iii) Hence, or otherwise, evaluate I(l +x*) dx 2

0

(e
B
C
M y : N

In the diagram, MAN is the common tangent to two circles touching intemally at A. B
and C are two points on the larger circle such that BC is a tangent to the smaller circle
with point of contact D. AB and AC cut the smaller circle at E and F respectively.
Copy the diagram. Show that AD bisects ZBAC. 4
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QUESTION 15 (15 Marks) Use a SEPARATE writing booklet. Marks

(a)

(b)

(c)

A particle of mass m kg is dropped from rest in a medium where the resistance to
the motion has magnitude %0 mv* when the speed of the particle is v ms™'. After ¢

seconds the particle has fallen x metres. The acceleration due to gravity is 10 ms?,

. i .1 2
(i) Explain why %= E(400— v). 1
(11) Find an expression for ¢ in terms of v by integration. 2
2
(iii)) Show that v= 20[1 - r] . 1
l+e

Consider the polynomial P(x)=x*— 2x> - x>+ 6x — 6 over the complex field.
Given that £(1 — i) = 0, find all four solutions to P(x)=0. 2

2 2
In the diagram below, " is a focus of the hyperbola x—z—Z; =1 with eccentricity e.
a
y
A
™.
o N > x
B ™~
\\.
™~
JER
b == 1
a b

This branch of the hyperbola cuts the x axis at A where AF = k. P is the point on the
hyperbola vertically above / and the normal at P cuts the x axis at B making an
acute angle ¢ with the x axis.

(i) Show that tan&= 1 .
e
(i) Show that PF =h(e+1) 1

A bowl is formed by rotating the hyperbola above through one revolution about the x
axis. The bowl is then placed on a horizontal table with point 4 on the table.

A particle P of mass m is set in motion around the inside of the bowl, travelling with
constant angular velocity @ 1n a horizontal circle with centre F.

4

(iii) Show that @’ = 3
he(e+1)
(iv) N is the normal reaction force between the particle P and the bowl. Show that if
the hyperbola used to form the bowl is a rectangular hyperbola, then N = mg\/% . 2

Mathematics Extension 2 Year 12 Trial HSC Examination 2015 Page 11 0f 15



QUESTION 16 (15 Marks) Use a SEPARATE writing booklet. Marks

(@) The hyperbola xy = ¢”,c > 0 touches the ellipse % + ;—2 =1,a> b> 0 at points P and Q,

where P(Cp,—ej lies in the first quadrant.
p

QM|HM
+
'.::--N|‘<:M
It
[e—Y

5 . N R
(cr‘,—] is the general parametrisation of xy =c*, r#0
!

(i) Explain why the equation (.bc)2 rt —(ab)2 1+ (ca)2 =( hasroots p, p, -p, -p

where p > 0. 2
(i) Deduce that p=—2— and ab=2c% 2
N2
(iii) Show that if § (c 2,0\/5 ) and S’ are the foci of the hyperbola xy = ¢?, then
the quadrilateral with vertices P, §,  and S' has area 2c(a-b) . 2

(b) Ifa>(0andb> 0, prove that:

___|._.2 2
0 a b a+b
. 1 1 8

_+_".2 2
W ey

QUESTION 16 is continued on the next page.
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QUESTION 16 (continued)

Marks
(¢) Let f(x)= x_x , where n > 1.
e
n-1 _
(i) Show that fi(x)=> 1% 1
(1)) Show that the graph of y = f{x) has a maximum turning point at Ln,n—" J , and
e
hence sketch the graph for x > 0. (Don’t attempt to find any points of inflexion). 2
(iii) Explain, by considering the graph of y = f{x) for x > n, why IT < n_” forx > n. 1
e e
(iv) Deduce from part (iii), using the substitution x=n + 1, that (l + —J <e. 1
n
End of examination
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